Abstract-Temporally modulated metamaterials have attracted significant attention recently due to their nonreciprocal and frequency converting properties. Here, a transparent, timemodulated metasurface, which functions as a serrodyne frequency translator, is reported at X-band frequencies. With a simple biasing architecture, the metasurface provides electrically tunable transmission phase that covers 360 • . A sawtooth waveform is used to modulate the metasurface, allowing Doppler-like frequency translation. Modal analysis of an analogous time-modulated medium is performed to gain insight into the operation of the metasurface-based serrodyne frequency translator. Two such metasurfaces can be cascaded together to achieve magnetless devices that perform either phase or amplitude nonreciprocity.
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Index Terms-Frequency translation, time-modulated metasurfaces.
I. INTRODUCTION
T IME-VARYING metasurfaces can exhibit dynamically controllable scattering properties, and allow the realtime manipulation of electromagnetic waves. In addition to providing reconfigurable static functionalities, temporal modulation allows harmonic generation and nonreciprocal responses [1] , [2] . For example, one can achieve frequency translation, the process of converting an input signal from one frequency to another, without generating undesired sidebands. In general, there are different ways to achieve frequency translation, including traveling-wave parametric amplifiers [3] , acoustooptic modulation [4] , [5] , and image rejection mixers [6] - [8] . The serrodyne frequency translator [9] , [10] , which employs a continuous linear variation of phase (temporal modulation), closely approaches the performance of an ideal frequency translator. Just like a blazed grating (a linear phase gradient in space) converts one spatial frequency to another, the sawtooth phase variation in time (a linear phase gradient in time) converts one temporal frequency to another. In contrast to a sinusoidally driven mixer, a serrodyne frequency translator suppresses the image frequency without added image rejection circuitry. In earlier works, serrodyne frequency translators have been developed using different phase-tunable devices including ferrite phase shifters [11] , electrooptic waveguides [12] - [14] , and CPW monolithic microwave-integrated circuit (MMIC) phase shifters [15] .
Here, we present a transparent, time-varying metasurface that achieves free-space, serrodyne frequency translation at X-band frequencies [see Fig. 1(a) ]. The metasurface provides full-phase variation despite its small physical thickness of 9.56 mm (0.3λ). Tunable varactors on the metasurface, controlled by a simple biasing network, allow electrically driven, time-modulated surface properties. The proposed metasurfacebased frequency translator may find a range of applications including frequency comb generation [16] , [17] , arbitrary waveform generation [18] , Doppler cloaks [19] , modulated antennas [20] - [23] , radar pulse shaping [24] , [25] , and magnetless nonreciprocal devices [26] - [33] .
II. WAVE PROPAGATION IN IMPEDANCE-MATCHED, TIME-MODULATED MEDIA
First, let us treat the metasurface shown in Fig. 1(a) as a time-modulated medium that is impedance-matched to the free 0018-926X © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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space [ Fig. 1(b) ]. The medium is assumed to exhibit a timemodulated permittivity r (t) and permeability μ r (t). Further, it is assumed that the square root of their ratio remains constant and equals to the free-space wave impedance
However, the refractive index of the medium is periodically varied in time. The refractive index can be expanded as a Fourier series
where ω s = 2π f s is the radial modulation frequency. Faraday's law and Ampere's law of the time-modulated medium [shown in Fig. 1(b) ] are
For wave propagation along the z-axis, the wave equation in such a medium can be written as
In such a time-modulated medium, the electric field takes on the form
A n e j nω s t e j (ω 0 t −κz)
where ω 0 = 2π f 0 is the radial frequency of the incident signal. From (2), we have
where
q and q are vectors containing the coefficients q m and q m , respectively. Inserting (6) and (7) into (5), and noting that
and ∂μ r (t) ∂t
the dispersion equation of the medium becomes Equation (11) can also be written in matrix form as
where A is the vector containing electric-field coefficients A n and Q is a matrix containing entries
For an incident frequency ω 0 , one can obtain the supported wavenumbers (κ) in the time-modulated medium by solving for the eigenvalues of Q in (12) . Each eigenvalue [supported wavenumber κ in (6)] corresponds to a mode with a temporal frequency distribution given by eigenvector A. Specifically, the entries in the eigenvector A are the amplitudes of the temporal harmonics A n [see (6) ] comprising each mode. For serrodyne frequency modulation, the refractive index in (2) is a sawtooth waveform
where M is the modulation depth of the sawtooth waveform.
With larger values of M, more harmonics are needed in the eigen analysis. One example is given here for M = 2. The sawtooth waveform representing the refractive index variation is shown in Fig. 2 The electric field inside the time-modulated medium can be expressed as a combination of modes. Each mode consists of a distribution of temporal harmonics propagating with the same wavenumber. An arbitrary field can be written in terms of the supported modes as
The coefficients α n are amplitudes of the modes representing a field solution. Now let us consider the situation where a monochromatic plane wave is incident from free space onto a time-modulated medium in Fig. 1(b) . At the interface, z = 0, we have a continuous-wave (CW) signal of the form E in = E 0 e j ω 0 t incident from free space (see Fig. 1 ). Since the timemodulated medium is impedance-matched to free space [see (1) ], the boundary condition at the interface is
Given (16), we can solve for the modal coefficient
Thus, for any distance z in the timemodulated medium, the field can be calculated using (15) . For a modulation frequency f s = 0.1 f 0 , the normalized amplitudes of the harmonics inside the serrodyne-modulated medium are plotted in Fig. 3(a) as a function of propagation distance, considering 60 nonzero harmonics for the sawtooth refraction index expansion in (2) and 200 harmonics for the field expansion in (6). Here, λ 0 = c/ f 0 is the free-space wavelength at the signal frequency. The nth harmonic is defined as frequency ω 0 + nω s . The harmonic amplitudes are normalized with respect to the incident signal amplitude (E 0 = 1). We can see that the frequency of the field inside the medium keeps increasing with propagation distance. A detailed plot of the field amplitudes for the first seven harmonics is shown in Fig. 3(b) , for a propagation distance up to 3λ. Notably, the frequency of the field converts to the next harmonic every half-wavelength distance of the current frequency.
The wave equation given in (5) can be simplified when the modulation frequency is much lower than the signal frequency f 0 N max f s (17) where N max is the maximum number of harmonics needed to represent the sawtooth. N max is proportional to the modulation depth M. Under the low-modulation frequency condition (17), (5) can be written as
Given (6) and (17), the second term in (18) becomes Inserting (19) into (18) , the solution to the wave equation simplifies to
Thus, for low-modulation frequency, the electric thickness of the time-modulated medium is directly modulated. One example is given here for a signal frequency f 0 = 10 GHz and modulation frequency of f s = 1 MHz. Assuming again M = 2 in (14), and the propagation distance is d = λ 0 /2, the transmission phase (−kd) of such a medium linearly varies from 0 to 2π over each modulation period. The transmitted field at d = λ 0 /2 exhibits a Doppler-like frequency translation. The harmonic distribution inside the medium and the field amplitude of the first five harmonics are plotted in Fig. 4 , considering 200 nonzero harmonics for the sawtooth refraction index expansion in (2) and 200 harmonics for the field expansion in (6). We can see that the frequency of the field linearly increases with propagation distance. At each distance of λ 0 /2, the frequency fully converts to the next harmonic.
III. DESIGN AND SIMULATION OF A TRANSPARENT, SERRODYNE FREQUENCY TRANSLATOR
In this section, we describe the realization of the proposed impedance-matched, time-modulated medium using metasurfaces. The designed metasurface functions as a serrodyne frequency translator. Analytically derived as well as harmonic balance simulations of the transmission spectrum for the frequency translator are reported.
A. Circuit Design and Realization of the Metasurface
As noted earlier, the realization of a reflectionless (transparent) medium with a time-modulated transmission phase requires the control of both electric and magnetic material properties. In [35] , we demonstrated a transparent, tunable metasurface that functions as a bandpass phase shifter. The metasurface is impedance-matched to free space and exhibits an electrically tunable electrical thickness. The tunable bandpass filter topology is depicted in Fig. 5(a) . It contains two shunt resonators (LC tank circuits) separated by a 90 • phase delay: an impedance inverter. At the operating frequency (10 GHz), the impedance inverter transforms the second shunt LC resonant circuit to a series LC resonant circuit, as shown in Fig. 5(b) . Both the electric (shunt circuit) and magnetic (series circuit) responses are simultaneously tuned with the variable capacitors C(t), controlled by a single bias waveform (see [35] for details). The time-dependent capacitors C(t) are realized as varactor diodes. The time-modulated capacitance C(t) can be written as
The static capacitance C 0 is chosen to resonate with the shunt LC tank at an operating frequency of f 0 = 10 GHz
Close to the operating (resonant) frequency, the image impedance Z i and transmission phase of the phase shifter depicted in Fig. 5(a) can be calculated as [36] where Z 0 = 377 is the free-space impedance. For capacitance variations Z 2 0 ω 2 0 C 2 (t) 1, the phase shifter remains impedance-matched to free space: Z i ≈ Z 0 . Further, its transmission phase is linearly proportional to the time-varying
The proposed phase shifter of Fig. 5 (a) can be realized as the electrically tunable metasurface shown in Fig. 6 [35] . Varactor diodes (MAVR-000120-1411 from MACOM) are integrated onto both sides of the metasurface to achieve the required tunability. A miniaturized impedance inverter was designed to replace the λ 0 /4 spacer and reduce the physical thickness of the metasurface. At the operating frequency of 10 GHz, the simulated metasurface provides approximately 180 • transmission phase range while maintaining a tranmission amplitude above −3 dB [35] . The extracted circuit model of the designed metasurface is shown in Fig. 8 . In order to achieve a phase variation close to 360 • , two metasurfaces were cascaded with a free-space spacer between them of length l = 3.26 mm. A circuit model of the resulting cascaded structure is shown in Fig. 7 . The values of the extracted circuit parameters are shown in Table I .
The circuit model of the metasurfaces shown in Fig. 7 closely resembles the time-modulated medium described in Section II. However, some transmission amplitude variation was tolerated in the metasurfaces to achieve a 360 • transmission phase. For low-frequency modulation (17), we can rewrite (6) as where √ μ(t)(t) is the refractive index modulation given in (2) and (14), and A(z, t) is a slow-varying envelop function with respect to space and time. At a propagation distance z = d, the transmitted signal may be expressed as
where φ(t) = −ω 0 √ μ(t)(t)d/c and A(t) are the periodic transmission phase and amplitude of the metasurface. Since the transmission coefficient h(t) = A(t)e j φ(t ) is periodic in time, the spectrum of the transmitted wave can be written as
where a n = ω s 1/2 f s −1/2 f s h(t)e − j nω s t . Clearly when A(t) = E 0 is constant and φ(t) = ω s t is linear with time, the phase shifter functions as an ideal frequency translator
which is consistent with the analysis presented in Fig. 4 .
B. Analytical and Harmonic Balance Simulation Results of the Transmission Spectrum
The circuit shown in Fig. 7 , representing the two cascaded metasurfaces of Fig. 6(a) , was simulated with the commercial circuit solver Keysight Advanced Design System (ADS). The diode C v was modeled using the spice model of the varactor [37] . It should be noted that the values shown in Table I are cell-averaged values that are scaled by the length-to-width ratio of the unit cell [35] . The circuit model was verified though close agreement between simulations of the circuit model depicted in Fig. 8 and full-wave simulations (performed using Ansys HFSS) of the metasurface shown in Fig. 6(a) for various dc-bias voltages [35] . From the dc simulation of the circuit model shown in Fig. 7 , the transmission amplitude and phase versus bias voltage relationships (A(V bias ), φ(V bias )) were extracted. A sawtooth bias waveform with a repetition rate of f s = 1 MHz was used to modulate the metasurfaces. Over the 1 μs modulation period, the bias waveform V bias (t) was modeled as a thirdorder polynomial with respect to time. Using (26) and (27) , the transmission spectrum of the frequency translator was calculated from the extracted A(V bias ) and φ(V bias ). The coefficients of the third-order polynomial function V bias (t) were optimized to provide the highest frequency translation and lowest sidebands. The optimized sawtooth waveform is shown in Fig. 9(a) (red line) . The corresponding transmission amplitude and phase (A(t), φ(t)) are shown in Fig. 9(b) and (c), respectively (red lines). The incident frequency was set to f 0 = 10 GHz. The transmission spectrum calculated using (26) and (27) is shown in Fig. 9(d) . The spectrum clearly shows a Doppler shift to a frequency of f 0 + f s = 10.001 GHz. A 3.17 dB conversion loss and 21.43 dB sideband suppression were achieved.
A harmonic balance simulation of the circuit model shown in Fig. 7 was performed using Keysight ADS. The incident signal was set to an amplitude of −26.5 dBm at an operating frequency of f 0 = 10 GHz. The optimized bias waveform, V bias (t), was approximated with 15 harmonics in simulation, as shown in Fig. 9(a) (blue line) . The corresponding simulated transmission amplitude and phase ( A(t), φ(t)) are shown in Fig. 9(b) and (c) respectively (blue lines). The simulated output spectrum is shown in Fig. 9(e) . A 3.86 dB conversion loss and 17.44 dB sideband suppression are achieved in simulation.
IV. FABRICATION AND MEASUREMENT OF THE TRANSPARENT, SERRODYNE FREQUENCY TRANSLATOR
Two of the phase shifting metasurfaces were fabricated [35] . An RT/Duroid 5880 substrate ( r = 2.2 and tan δ = 0.0009) was used in their design. Nylon spacers, with a thickness of l = 3.26 mm, were used to separate the two metasurfaces, as shown in Fig. 10 . The total thickness of the fabricated frequency translator is approximately 9.56 mm (0.32 λ). A total of 5712 MAVR-000120-1411 varactor diodes was integrated onto the two metasurfaces. They were controlled simultaneously with a single-bias signal. The time-modulated bias signal was connected to the metasurfaces through BNC connectors mounted to each board.
Measurements showed that the varactor capacitance versus reverse bias-voltage characteristic quoted on the diode data sheet is inaccurate at the operating frequency of 10 GHz [35] . An accurate capacitance versus reverse bias-voltage relationship of the varactors was extracted by comparing transmission measurements at different bias voltages to simulation results for different capacitance values, as shown in Table II . The simulated and measured transmission coefficient entries of the transparent, tunable metasurface phase shifter [given in Fig. 3(a) ] are shown in Fig. 11 . For three representative bias Fig. 11 . The full-wave simulation results under the corresponding varactor capacitances (0.345, 0.24, and 0.18 pF, respectively, as given in Table II ) are plotted in red. In addition, the simulation results of the circuit model of Fig. 2(b) under the corresponding varactor capacitances are plotted in orange. Close agreement is observed among measurement, full-wave simulation and circuit simulation results of the frequency-translating metasurface, verifying the parameters given in Table II . The fabricated frequency translator was measured using the quasi-optical Gaussian beam system shown in Fig. 12 [38] . A rectangular horn antenna (i.e., Dorado GH-90-25) with a lens doublet radiate a Gaussian beam with a beam waist of 114 mm in diameter. The focal lengths of the lenses used are 45 cm. The fabricated frequency translator has a dimension of 170 × 168 mm 2 [35] . The minimum dimension of the fre- quency translator is approximately 1.5 times the beam waist in order to limit diffraction. An analog signal generator (Agilent N5183) was used to feed the transmit horn antenna with a −20 dBm signal at 10 GHz. The amplitude of the incident wave impinging on the metasurfaces was measured to be −26.5 dBm. The receive antenna was connected to a spectrum analyzer (Agilent E4446A). The path loss of the system was measured at the operating frequency and calibrated out of the measurements. The ratio of the calibrated output signal power to input signal power provided the transmission coefficient at each measured frequency harmonic. The bias waveform V bias (t) used in measurement was determined by applying the voltage relationship given in Table II to the optimized bias waveform used in simulation, as shown in Fig. 13(a) (red curve). The required V bias (t) was provided by a Keysight M8195A arbitrary waveform generator, and amplified with ZHL-3A-S(+) RF amplifiers from Mini-Circuits. The bias waveform across the diode was measured using a differential probe (Tektronix TMDP0200) and Tektronix oscilloscope MDO3024. The measured and simulated bias waveforms are compared in Fig. 13(a) . The measured transmission spectrum of the fabricated serrodyne frequency translator is shown in Fig. 13(b) . A 5.3 dB conversion loss and 12 dB sideband suppression were achieved in experiment. The difference between the measured and simulated transmission spectrum is attributed to the performance of the biasing network. The biasing network was originally designed for a dc bias, and therefore it was not optimized for a time-varying bias.
The measured bandwidth performance of the fabricated frequency translator is shown in Fig. 14. As the incident signal frequency strays from 10 GHz, higher conversion loss and lower sideband suppression are observed. For a modulation frequency of 1 MHz, the fabricated frequency translator achieves a bandwidth of 0.8 GHz, with a conversion loss lower than 9 dB and sideband suppression higher than 5 dB.
V. CONCLUSION
In conclusion, modal analysis of an impedace-matched, time-modulated medium, with a sawtooth refractive index variation with respect to time, was performed to demonstrate serrodyne frequency translation. A metasurface with simultaneously modulated electric and magnetic responses was proposed to emulate such a time-modulated medium. The designed timemodulated metasurface functions as a transparent serrodyne frequency translator, with an operating frequency of 10 GHz. The fabricated frequency translator exhibits a conversion loss of 5.3 dB and a sideband suppression of 12 dB in experiment. The development of time-modulated, phase-tunable metasurfaces opens new and exciting areas of research. Specifically, transmissive phase-modulating metasurfaces can be cascaded together, or multiple in tandem, as in [39] and [40] , to produce nonreciprocal devices such as broadband isolators and circulators in a compact, low-profile form factor for Gaussian beam (optical and quasi-optical) systems.
